ABSTRACT Aiming at solving the problem of the multi-low-frequency mechanical resonances appearing in the large optical telescope control system, this paper proposes a novel control method based on nonlinear active disturbance rejection control (NADRC) and proportional-integral (PI) control. In the proposed control framework, a nonlinear tracking differentiator (NTD)-based feedforward control is designed to improve the tracking performance of the system. Then, the principle of suppression of mechanical resonance of this method is analyzed. Compared with the most commonly used acceleration feedback control (AFC) method, the theoretical analysis shows that the proposed method is more effective for suppressing the low-frequency mechanical resonance. Finally, the proposed method is applied to a large optical telescope, and the experimental results show that the proposed method is better than AFC.
I. INTRODUCTION
The large optical telescope is a kind of high precision observing equipment, and a high precision motion control system is essential. However, the tracking precision of the control system is affected by various known and unknown disturbances, such as mechanical resonance [1] , friction torque [2] , wind disturbance torque [3] , [4] , dead zone [1] , un-modeled dynamics, etc. Among these disadvantages, the mechanical resonance which limits the bandwidth of speed has a serious impact, and the problem of mechanical resonance in the large telescope control system is a long-standing problem.
In [5] , the low frequency mechanical resonance suppression methods that commonly used in industrial are explored, including low-pass filter method, notch filter method, Bi-quad filter method, etc. Unfortunately, these suppression methods are not suitable for large telescope. Because
The associate editor coordinating the review of this manuscript and approving it for publication was Lei Wang. the mechanical resonance of large telescope has the following characteristics: 1) The resonant frequency is very low, generally lower than 50 Hz, sometimes even only a few Hz [6] .
2) The inertia ratio of the load and motor is very large [7] .
3) The damping ratio is small which means that the magnitude of the Bode diagram of the plant increases to very high levels at the nature frequency [3] . 4) There are usually multi low frequency resonances in the system [9] . 5) The system contains a variety of nonlinearities: friction, backlash, rate, and acceleration limits [7] . For the above reasons, the commonly used methods for suppressing resonance in large telescopes include: limiting the speed loop bandwidth, AFC [6] , Quantitative Feedback Theory (QFT) [1] , and linear-quadraticGaussian (LQG) [2] , [3] . Among them, AFC is one of the most widely used methods, and it is used in many large telescopes to suppress mechanical resonance [6] , [8] - [13] .
In recent years, ADRC is used to suppress the mechanical resonance, and it takes the mechanical resonance as a disturbance and compensates the disturbance by extended state observer (ESO). In [14] , [15] , the performance of ADRC is better than AFC through extensive simulation and experimental results, however, the theoretical analysis was not conducted. In [16] , [17] , Model-based ADRC and non-model-based ADRC is used to control a two-mass benchmark problem, further demonstrating that ADRC has a good suppression performance for mechanical resonance. Reference [18] analyzes and proves that ADRC can compensate for mismatched disturbances, and give the principle of mechanical resonance suppression by using ADRC from the perspective of time domain. However, the physical meaning of how the ADRC suppresses mechanical resonance is not clear enough in time domain. Meanwhile, the linear extended state observer (LESO) of the linear active disturbance rejection control (LADRC) brings phase loss or sacrifices the nonlinear performance when the bandwidth of LESO is limited [19] - [21] . The nonlinear extended state observer (NESO) of NADRC has high observe efficiency [22] , which reduces the phase loss, but is not widely used.
Considering the above problems, the following researches are carried out in this paper: 1) A composite control frame which includes NADRC (speed loop), PI (position loop) and NTD (speed and acceleration feedforward) is introduced to solve the problem of multi low frequency mechanical resonances in large telescope.
2) The mechanism of ADRC restraining mechanical resonance is studied from frequency domain perspective. 3) By comparing with AFC method, the advantages of suppressing low frequency mechanical resonance by using ADRC are explored. 4) The experimental results carried on a large optical telescope are presented to verify the correctness of the theoretical analysis and the effectiveness of the proposed method.
The rest of this paper is organized as follows. In section II, the model of the large telescope is analyzed, and a simplified model is deduced. In section III, the composite control method is proposed, the stability of the proposed method is proved, the resonance suppression mechanism of the method is discussed, and then the advantages of this method are illustrated by comparing with AFC. In section IV, experimental results are shown. In section V, concluding remarks are included. Figure 1 shows the three-dimensional (3-D) sketch of a large optical telescope. Usually, the elastic deformation of the transmission mechanism cannot be neglected due to the excessive load, and this deformation will lead to deviation and lag in the transmission process, so the load cannot be regarded as an ideal rigid body. Fig. 2 shows the azimuth axis frequency response data (FRD) model of a large optical telescope, which has a low frequency resonance at 31Hz and 40Hz respectively. The FRD model varies according to the azimuth and elevation angles, friction, speed, and acceleration [1] . These nonlinearities and parameter uncertainties increase the difficulty of system analyzing and design [1] , [23] .The compliant couple of the motor and the load in the telescope can be modeled as a two-inertia model as shown in Fig.3 , and the feedback is a motor-side feedback [24] .The inertia of the motor is J M , the inertia of the load is J L , the motor is connected to the load by a shaft, the stiffness coefficient is K s , the damping coefficient is b s , the electromagnetic torque of the motor is T M , the load torque produced by the friction and wind disturbance is T L and in most cases T L is small, ω M and θ M represent the speed and angle of the motor, ω L and θ L represent the speed and angle of the load. The kinematics equations of the system shown in Fig.3 can be expressed as
II. MATHEMATICAL MODEL OF A LARGE TELESCOPE
Then, the block diagram of the two-inertia model can be obtained as Fig.4 . By ignoring T L , the transfer function from VOLUME 7, 2019 T M to ω M can be described as
Usually, the motor current close loop can be regarded as (3) [24] , k T represents the torque coefficient of the motor, T f is the time constant of the current close loop, I ref is current reference, and in most cases, T f is very small and can be ignored.
Substitute (3) into (2), the transfer function from
is an ideal rigid body, whereas G 2 (s) is a compliance of the transmission component, which corrupts the ideal plant. The anti-resonant frequency (ω A ) and resonant frequency (ω N ) of the system can be calculated as
When in the low frequency band, (4) can be simplified to (8) , in this case the system is equivalent to a rigid body.
While in the high frequency band, s → ∞, the dominator is s 2 , so G 2 (s) ≈ k T J M (4) can be simplified to (9) , which is equivalent to the motor working without any load.
However, the specific values of J L and K S are very difficult to get in the real practice. The usual method is to simplify the FRD model and identify the parameters. Table 1 shows the fitted parameters of the two-inertia model. It is important to stress that these fitted parameters are not realistic and of no physical significance, because of the simplification in the process.
It can be seen from Fig. 5 that the fitted transfer function G Plant (s) perfectly fits the real tested FRD model. Due to the existence of mechanical resonance, the amplitude-frequency characteristic of the system in the high frequency band is raised, thereby reducing the gain margin of the control system, and thus the bandwidth of the control system cannot be improved. 
III. ACTIVE DISTURBANCE REJECTION CONTROL FOR TWO-INERTIA MODEL
From the above discussion, we can see that if G 2 (s) can be compensated, G Plant (s) becomes an ideal rigid plant which is easy to control. ADRC is that kind of method that can treat G 2 (s) as disturbance, which can be estimated and compensated in real time [25] . Based on this theory, this section firstly presents the methodology of the framework and proposed controller, and then the stability of the closed loop control system is proved. Secondly, based on frequency domain analysis, the principles of suppressing mechanical resonance of LADRC and AFC are discussed. Finally, the comparison between ADRC and AFC is theoretically analyzed, and the advantages and disadvantages of ADRC are discussed.
A. PROPOSED METHOD FOR TELESCOPE
The control method proposed in this paper is shown in Fig. 6 . This scheme consists of three elements: the position loop controller, the speed loop controller, and the NTD feedforward. The position loop controller is traditional PI controller. The speed loop controller is NADRC which consists of NESO and a proportional feedback control law. The NTD feedforward controller consists of an acceleration feedforward controller and a speed feedforward controller.
1) SPEED LOOP CONTROLLER DESIGN
The principle of the speed loop NADRC is shown in Fig. 6 . Ignoring the T f in (4), the transfer function from
. Block diagram of proposed method for telescope control system.
Considering the external disturbance w, (10) can be rewritten as
Integrating (11) twice on both sides, the fourth-order system with a relative degree of two becomes a second-order system as belowθ
where
Here f , including both external disturbance and the resonance, represents the '' total disturbance'' to be estimated and compensated. Based on (12) , it is better to choose a third-order ESO [22] . With x 1 and x 2 denoting θ M and ω M , and x 3 denoting f , (12) can be rewritten as
So the corresponding NADRC control law is constructed as ESO :
According to [26] , the anti-windup of NADRC is designed as (20) where θ ref is the reference position, ω ref is the reference speed, u 0 is the virtual control signal, u is the compensated control signal, I ref is the actual control signal, ε 1 is the observer error, β 01 , β 02 and β 03 are observer gains,b 0 is the estimated value of b 0 , δ is the parameter to be tuned, k p is the controller gain. z 1 and z 2 are observer states tracking θ M and ω M respectively, here z 3 is the extended state which is the estimation of f in real time. Assuming that the controller is unsaturated, so
Substituting (21) into (12),
Withb 0 ≈ b 0 and z 3 ≈ f , we have
It can be seen from (23) that the total disturbance is ''cancelled'' and the plant of speed becomes an ideal rigid plant, so the ideal closed-loop control of speed can be achieved by a simple proportional controller in (18) .
2) POSITIOIN LOOP CONTROLLER DESIGN
The position loop controller in Fig. 6 is a traditional PI controller
k p is the proportional gain, k i is integral coefficient.
3) FEEDFORWARD CONTROLLER DESIGN
In order to improve the accuracy of the control system, the feedforward control is used. The differential du/dt calculation can be not realized in reality. So the widely used feedforward method is shown in (25) , the differential result is filtered by a first-order or second-order low-pass filter, is the time constant of the low-pass filter, however these methods are either too noisy or have large phase lag. In this paper, NTD is used to solve these problems [27] , as shown in (25)(26).
where ν (k) is the reference input,x 1 (k) is the state tracking
, a 0 and a 1 are the intermediate variables, r the speed factor which determines the tracking speed to be tuned.According to [28] , the relationship between r and the bandwidth ω TD is
By sine sweep measurement method, the Bode diagram of (24) andx 2 in (27) is obtained. As shown in, the three methods have the same bandwidth of 318 Hz. It can be seen that the phase angle of NTD basically maintains about 90 0 ahead inside of bandwidth, whereas outside of bandwidth the phase angle is rapidly down to −90 0 , which shows that NTD is an ideal differentiator.
Therefore, speed and acceleration feedforward controllers can be designed as NTD:
is feedforward acceleration, K ω and K a are parameters to be tuned.
4) THE FINAL CONTROLLER
Based on the above design, the control algorithm proposed in this paper can be divided into three parts: 1) The first part is NESO, as shown in (16). 2) The second part is the feedforward part, which consists of two NTDs in series, as shown in (29). 3) The third part is speed loop controller and position loop PI controller. Ignoring the saturation effect, (18)(19)(21) (24) can be written as
The stability proof of NADRC is very difficult, and keeps un-proved for decades. Up until recent years the problem was solved, the rigorous convergence proofs of the NESO and the NTD were conducted in [29] , [30] , and the stability of traditional NADRC in [22] for SISO system was proved in [31] . Theorem 5 in [31] indicates that the system is stable if Assumptions A1-A4 are satisfied. Theorem 5 and Assumptions A1-A4 are shown in the Appendix A. This paper mainly focuses on the practical application, so only the improved parts in this paper will be proved and some existing conclusions in the literatures will be used. Assumption 1 is made for the boundedness of the system itself and the external disturbance. For general practical systems, Assumption 1 holds. The convergence of ESO and TD used in this paper are proved in [29] and [30] , so Assumption 2 and A4 hold. Therefore, here we only need to prove that (30) satisfies Assumption 3, and Assumption 3 in [31] is described as follows Assumption 3 ϕ (v) is continuously differentiable, ϕ (0) = 0, and Lipschitz continuous with Lipschitz constant (30) can be rewritten as
We can see from (30) that the controller of proposed method is linear, and the corresponding ϕ (·) in Assumption 3 is
With appropriate parameters, A can be Hurwitz. Let
Here ∀x = (x 1 , x 2 , x 3 ) T ∈ R n , P A is the positive definite matrix that is the unique solution of the Lyapunov equation P A A + A T P A = −I n , I n is a 3-dimensional identity matrix. Then
And
Therefore, V (x) and W (x) satisfy the conditions of Assumption 3.
So the Assumptions A1-A4 are all satisfied, and the proposed method is stable. A numerical analysis is presented in the Appendix B. 
B. THE PRINCIPLE OF ADRC AND AFC SUPPRESSING MECHNIACL RESONANCE 1) THE PRINCIPLE OF ADRC SUPPRESSING MECHNIACL RESONANCE
The ESO is the core of ADRC, which improves the control performance through observing and compensating the internal and external disturbances. This section focuses on the principle of ESO suppressing mechanical resonance. Fig.8 shows the disturbance observing and compensating part of the ESO. Since the NESO cannot be analyzed by transfer function, a linearized ESO is used here for analysis. And in order to simplify the discussion, it is assumed that there is a speed sensor in the system, so a second-order ESO will be used. All parts f 0 that corrupt the ideal integral component are regarded as ''disturbance''. If the estimated disturbancez 2 of ESO rapidly converges to f 0 ,then the disturbance encountered by the ideal plant can be well compensated. According to the above assumptions, and ignoring T f and saturation in Fig. 8, (4) can be written as followṡ
Then the corresponding second-order LESO is
Here,z 1 andz 2 are observer states tracking ω M and f 0 , β 01 andβ 02 are observer gains. Using the parameterization technique proposed in [32] , let β 01β02
ω o is the observer bandwidth. By Laplace transformation, the disturbance observed is
If T f = 0, combining (4) and (45), using the Masonąŕs gain formula (MGF), the transfer function of the enhanced plant can be expressed as
Within the observer bandwidth of ω o , we can get
is an ideal plant. Therefore, as long as the observer bandwidth of the ESO satisfies ω o > ω N ,the mechanical resonance of the system can be well suppressed, and the system becomes an ideal plant. Fig. 9 shows the Bode diagram of G LESO (s) under different observer bandwidth. It indicates that the ADRC method can effectively suppress mechanical resonance. The larger the observer bandwidth is, the closer the plant is to l 2 (s), and the better the suppress effect. We can see from Fig. 9 that the principle of ADRC suppressing the mechanical resonance is reducing the load inertia as close as possible to zero by electronic means, thus reducing the coupling between the motor and the load. In this scenario, the motor can work as equivalent to no load in the low frequency band, and effectively suppressing the mechanical resonance. Theoretically, if we want to construct the enhanced plant to a pure integral component through ESO, the observer bandwidth ω o needs to be infinite.
2) THE PRINCIPLE OF AFC SUPPRESSING MECHNIACL RESONANCE
In order to demonstrate the resonance suppressing performance of ADRC, in this section the AFC method is simply discussed.
As shown in Fig. 10 , assuming that the transfer function of the ideal acceleration observer is G as (s) = r o 2 (s + r o ) 2 , r o is the observer bandwidth of the acceleration observer, feedback gain is a, and T f ≈ 0. The estimated acceleration is feed back to the current loop. Using the MGF, we can get
The principle of AFC for suppressing the mechanical resonance is raising the inertia of the motor by electronic means, effectively reduces the amplitude of the transfer function in the high frequency band, thereby suppressing the mechanical resonance. Theoretically, if we want to change the plant to an ideal pure integral by AFC, the observer bandwidth r o needs to be infinite and the value of a needs to be large enough.
C. COMPARISON OF THE TWO METHODS
According to the above analysis, we can see that the two methods both want to enhance the original plant show in (4) to an ideal pure integral component, so that the mechanical resonance is suppressed. Here is a comparison of the advantages and disadvantages of the two methods.
Given the same observer bandwidth r o = ω o > ω N , the Bode diagrams of f LESO (s) and f AFC (s) are shown in Fig. 11 . When ω N < ω cross , ω cross is the intersection point of f LESO (s) and f AFC (s), f LESO (s) is closer to 1 than f AFC (s), so G LESO (s) is closer to the ideal plant than G AFC (s), and the larger the feedback gain, the better the effect as can be seen in Fig. 12 . As shown in Fig. 13 , when r o = ω o = 2000 and load inertia J L increases from J L to 10J L , the magnitude of f AFC2 (s) decrease, thus the performance of AFC decreases. Fig. 14 indicates that LESO still has very good effects. The feedback gain a of AFC needs to be tuned larger to obtain an effect similar to LESO. From the above discussion, we can conclude that for low-frequency mechanical resonance, ESO is better; whereas for higher mechanical resonance, AFC is better.
As shown in Fig. 15 can satisfy the requirements. However, ESO also has its disadvantage: ESO suppressing the resonant frequency at the cost of reducing the phase margin. Fig. 16 shows the phase margin of the enhanced plant under different observer bandwidths. When ω o is less than 318 Hz, the phase angle of the system becomes smaller as the ω o increases. When the ω o is greater than 318 Hz, the phase angle of the system increases with the increase of ω o . In practical, the bandwidth of ESO should not be too low, because ESO with low bandwidth has limited effect; nor can it be too high, such that the noise will be amplified. Therefore, ADRC is good at suppressing the low frequency mechanical resonance. For higher frequency mechanical resonance, the bandwidth of ESO needs to be very high which is not realizable in actual application. Fortunately, NESO has much better observing efficiency than LESO which may relief the phase loss [28] . And in the application scenario of large telescopes, the mechanical resonant frequency is very low, and the noise of the system has already been effectively reduced, so the bandwidth of the ESO can be appropriately increased.
IV. EXPERIMENT
The experiment setup is shown in Fig. 17 . It consists of an operating console, a telescope control unit, a servo controller, and a large telescope. The measured FRD model of azimuth axis of the telescope is shown in Fig. 2 . The telescope control unit is an embedded computer with real-time operating system. The servo controller can control and drive both azimuth and elevation axes at the same time. The MCU of servo controller is TMS320F28335, and the IPM modules are Mitsubishi PM200CLA120. The angular measuring system is consist of a Renishaw grating ruler and two read heads, and the grating ruler has 86400 pulses and the read head is 400 times subdivision. It can be calculated that one pulse represents 0.009375 arc-second (including a four-fold increase in resolution by the quadrature encoder pulse (QEP) module). is the friction torque of the shaft. The current sampling frequency is 8 kHz, and the encoder sampling frequency is 2 kHz. Since the control systems of azimuth and elevation axes have the same architecture, the azimuth axis is used for comparison and verification. The acceleration observer used here is Luenberger observer described in [5] , and the parameters are: a = 25, k ap = 365, k ai = 150, k ad = 179. The speed and position controller of AFC method are PI controllers in series, the speed parameters are: k sp = 0.3, k si = 0.07, the position parameters are: k pp = 11.7, k pi = 2.29.
The tuning of the proposed control strategy is as follows:
1) The first step is to determine the parameters of LADRC in the speed loop. According to 
The observer bandwidth ω o and the controller gain k p can be tuned by according to the bandwidth method [32] .
2) The second step is to determine the parameters of NADRC. According to the typical third-order NESO empirical formula in [33] 
, so the parameters of NESO are determined. And the controller gain of NADRC can be selected as k p in step one.
3) The parameters k p , k i of PI in the position loop can be tuned by using Ziegler-Nichols tuning rules. 4) In the feedforward NTD: h 0 is determined by h 0 = 10h = 0.005 [28] (in this experiment h = 0.0005), can be selected by the bandwidth method in (27) . The feedforward gains K ω can be set to 1, and K a can be set to 1 b 0 ≈ 0.0005 [34] .
From above discussion, It can be concluded that the proposed controller only has 5 parameters to tune: ω o , k p , r, k p and k i . The parameters used in the experiment are listed in the Table 2 .
As shown in Fig. 18 , both the AFC and the ADRC enhance the plant to a relative ideal plant. Unlike above analyses based on the simplified two-inertia model, the AFC method also has a large phase loss at the anti-resonant frequency for multi-inertia systems. What's more, the phase angle of NADRC is bigger than LADRC, and much bigger than AFC, which may give better robustness. In Fig. 19 , the bandwidth of the speed loop is higher than AFC by using NADRC. The step response in Fig. 20 also demonstrates that NADRC is faster than the other methods.
The sensitivity Bode diagram of the position loop is shown in Fig. 21 . The proposed composite control method still keeps the same error sensitivity peak as the other methods, and the position error sensitivity attenuation is strengthened in low frequency range and boosted slightly in higher frequency range where the disturbance is small in telescope control system. By this way, the tracking accuracy is improved. Fig. 22 is closed-loop Bode diagram of position loop, it can be seen that the resonance peak of the proposed method is the smallest. The presence of a resonant peak will cause position overshoot, whereas, for telescope, the reference signal is often a low-frequency sinusoidal like signals. Fig. 23 shows the trapezoidal wave tracking curve of the telescope. The proposed method has the smallest overshoot and the fastest convergence. Fig. 24 shows the tracking error curve of the sine wave y = 36 0 sin (0.1667t). Table 3 shows the different sinusoidal tracking errors. The error is reduced by using the method proposed, and the proposed method also has a good suppression effect on some nonlinear and unknown disturbances such as friction, dead zone and noise.
V. CONCLUSION
This paper studies the use of the ADRC technique to suppress the multi low mechanical resonances appearing in the large optical telescope. First, a simplified physical model was established. Concerned about the control of the motor position, a third-order NESO was designed to estimate and compensate the original plant to an ideal rigid plant, which decouples the compliance between the motor and the load. Moreover, a PI controller was used to achieve a high precision position tracking of the telescope. Then based on the NTD, a speed and acceleration feedforward is established such that the tracking performance can be improved. The principle of suppression mechanical resonance of ESO is analyzed in frequency domain. Comparing with AFC, it can be concluded that the ADRC is better than AFC at suppressing the low frequency mechanical resonance, whereas for higher frequency mechanical resonance, AFC is better. As confirmed by the experimental results, the proposed control system has good low-frequency mechanical resonances suppressing effect, command-following performance and is robust against all kinds of disturbances.
APPENDIX A ASSUMPTIONS AND THEORME
This section describes the main conclusions of [31] . For an n-dimensional SISO nonlinear system which can be written as
. . .
where y (t) is the output, u (t) is the input, w ∈
represents the nonlinear function of the plant which is possibly unknown, and b > 0 is a constant control coefficient which is not exactly known, but we have the nominal value b 0 that is sufficiently closed to b. The ESO for system (51) is
,and ξ ∈ C 0, ∞) , R + is the gain function to be chosen to satisfy
A reference system is given as
where ϕ ∈ C (R n , R). The TD can be rewritten as
where R is the tuning parameter and ψ ∈ C R n+1 , R . The control objective of ADRC is to make x i (t) converge to z iR (t) or υ (i−1) (t) in the way of reference system state x * i (t) converging to zero. The controller of ADRC is
is the solution of (52) and (z 1R (t) , z 2R (t) , . . . , z nR (t)) , z (n+1)R (t) is the solution of (54). The Assumption 1 below is made for the original system in (51) itself and the external disturbance.
Assumption 1: Both w and˙ w are bounded on R, there exist positive constantsC 1 ,C 2 and a non-negative function ∈ C (R) such that ∂f t, x, w → R such that 
There exist constants λ 2i ( i = 1, 2, 3, 4), β 2 , and positive continuous differentiable function V 2 , W 2 : R n+1 → R such that
The Assumption 4 is for TD in (54). Assumption 4: Both υ (t) andυ (t) are bounded in [0 , ∞), and ψ (·) is locally Lipschitz continuous, and system (54) with υ (t) ≡ 0, R ≡ 1 is globally asymptotically stable.
Theorem 5: Let x i (t) (1 i n) and (1 i n + 1) be the solutions of closed-loop system combined of (51) (52). Let x * n+1 (t) be the extended state defined in (52), and let z 1R (t) be the solution of (54). Under Assumptions A1-A4, the following statements hold true for any given initial values of (51) and the closed-loop system.
(1) For any σ > 0 and τ > 0, there exists a constant
(2) For every R > R 0 , there are an R-dependent constant ε 0 > 0 for any ε ∈ (0, ε 0 ), and an ε− dependent constant t ε > 0 such that for all t > t ε , 
So Assumption 3 is satisfied.
APPENDIX C NOMENCLATURE
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